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Abstract 

Large Eddy Simulations are used to study the heat-release response to fuel inflow acoustic harmonic oscilla- 
tions, in a coaxial jet flame where both reactants (O 2 and CH 4 ) are injected in a dense cryogenic state. The 
geometry is that of the academic test rig Mascotte, operated by ONERA (France), which high pressure op- 
erating conditions are relevant for the characterization of flame dynamics in Liquid Rocket Engines (LREs). 
The simulations, which are carried out with a real-gas fluid solver using a detailed kinetic scheme for CH 4 
high-pressure oxycombustion, provide a thorough insight into the flame response for a wide range of forcing 
frequencies, spanning from approximately 1kHz to 20kHz. Local Flame Transfer Functions (FTF) are com- 
puted and analyzed: regions of preferential heat-release response are observed to be highly dependent on the 
forcing frequency. An analysis based on a flame sheet assumption is conducted to distinguish the main sources 
of heat release fluctuations: the primary contribution comes from the species diffusivity oscillations, while 
the density variations have a negligible effect. The second largest contributor is either the mixture fraction 

gradient or the flame surface area, depending on the forcing frequency. The FTFs are expected to be useful 
for thermoacoustic Low-Order Models or Helmholtz solvers, and the subsequent analysis has the potential 
to guide future development of analytical models for flame dynamics in LREs. 
© 2020 The Combustion Institute. Published by Elsevier Inc. All rights reserved. 
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1. Introduction 

Since the early days of space exploration, ther- 
moacoustic instabilities have been a major con- 
cern for Liquid Rocket Engine (LRE) designers, 
due to their ability to penalize entire industrial 
ier Inc. All rights reserved. 
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rojects [1] . In order to reach greater reusability
nd maneuverability, the current launcher industry
s now heading towards propulsion relying on high-
ressure methane oxycombustion. In these systems,
he propellants are injected through coaxial in-
ectors under various thermodynamic conditions,
ncluding the so-called doubly-transcritical regime
LO 2 /LCH 4 ) where both reactants are in a dense
ryogenic state. The prediction of thermoacous-
ic instabilities, which result from a two-way cou-
ling between acoustic waves and flames oscilla-
ions, is mandatory in the development of these
ovel combustion devices. However, little is known
n the flame response to acoustic perturbations un-
er these specific conditions, and a key challenge is
herefore to gain a better understanding of physi-
al phenomena governing heat-release dynamics in
RE cryogenic diffusion flames. 

Earliest studies related to combustion in LRE
onditions [2,3] , which were mostly interested in
anonical problems, found out that the mixing of 
ryogenic propellants at subcritical temperatures
ut supercritical pressures is controlled by tur-
ulent mixing and a continuous pseudo-boiling
ransformation, also called transcritical transition.
ater, Direct Numerical Simulations (DNS) and
arge Eddy Simulations (LES) were employed to

ackle more complex problems, including super-
ritical jet flames [4,5] . These numerical efforts
ere accompanied by experimental ones, most no-

ably on the Mascotte test rig operated by ON-
RA (France) [6] , where a doubly-transcritical
O 2 /LCH 4 coaxial jet flame was first reported [7] .
he interaction between supercritical flames and
coustic waves could be thoroughly investigated
nly very recently [8,9] in a variation of the Mas-
otte testbed comprising a few coaxial injectors.
O 2 /GCH 4 flames were subjected to large ampli-

ude transverse acoustic modes, that noticeably en-
anced cryogenic O 2 pseudo-boiling and mixing,
esulting in flattened, shorter dark cores, as well
s more compact and intense heat-release regions.
ES of comparable configurations led to identi-
al observations [10,11] , and were also used to ex-
lore LO 2 /GH 2 flame dynamics during thermoa-
oustic limit-cycles in a 42-injectors rocket combus-
or [12,13] . It was proved that the flames located
ear velocity nodes have the largest contribution to
he instability, and the gain and phase of the heat
elease response at the unstable frequencies were
omputed. 

Anterior research efforts mostly studied the dy-
amics of supercritical LO 2 /GCH 4 or GH 2 coax-

al jet flames subjected to large amplitude trans-
erse acoustic waves, for only a very few forcing
requencies. Strong acoustic perturbations have the
erit of generating clearly visible dynamics, thus

ermitting macroscopic analyses of the dark core
r the flame surface evolution, as in [9–12] . How-
ver, intense excitations may trigger nonlinear phe-
omena, and are not characteristic of the small
Please cite this article as: C. Laurent, G. Staffelbach and F. Nico
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fluctuations that exist at the onset of an instabil-
ity. As a result, previous works were mostly re-
stricted to qualitative examinations: they did not
compute a Flame Transfer Function (FTF) relat-
ing the fluctuations of heat-release to the acoustic
forcing over a wide range of frequencies, nor did
they provide sufficient quantitative information to
guide the development of analytical flame response
models. Thorough theroretical investigation of dif-
fusion jet flames dynamics were conducted [14–16] ,
but only for gaseous laminar systems which are too
distant from LRE combustion. 

To complete earlier research, the present work
employs LES to characterize the dynamics of a
doubly-transcritical LO 2 /LCH 4 coaxial jet flame in
the geometry of the single-injector Mascotte test
rig [7] , forced by fuel inflow acoustic modulation
over a wide frequency range. To the knowledge
of the authors, this is one of the first attempts to
compute and analyze a complete FTF for a cryo-
genic coaxial jet flame, especially in the case of 
doubly-transcritical combustion, a thermodynamic
regime arising in modern LREs but that is still lit-
tle studied. The flame response is further analyzed
through a comprehensive evaluation of the mech-
anisms contributing to heat-release fluctuations.
Section 2 introduces the simulated configuration
and the numerical methods employed. In Section 3 ,
the unforced flame topology is briefly described. Fi-
nally, Section 4 presents the forced flame response,
including the computed FTF and the analysis of 
heat-release dynamics contributions. 

2. Operating conditions and numerical solver 

The real-gas version of the LES solver
AVBP [5,17] is employed to solve the three-
dimensional reactive, multi-species, and compress-
ible Navier-Stokes equations on unstructured
meshes. Non-ideal thermodynamics are mod-
eled thanks to the Soave-Redlich-Kwong (SRK)
equation of state [18] : 

p = 

ρ r̄ T 

1 − ρb m 

− ρ2 a m 

(T ) 
1 + ρb m 

(1)

where r̄ is the mixture gas constant, and b m 

and
a m 

( T ) are defined as in [2] . Most numerical de-
tails of the simulations can be found in [5,19] .
The TTG4A finite-element scheme [20] (3rd order
in space, 4th in time) adapted for real-gas condi-
tions is used. The σ -model [21] closes the subgrid
stress tensor. Reaction kinetics are based on a de-
tailed mechanism for high-pressure CH 4 oxycom-
bustion [22,23] , that was reduced from the GRI3.0
mechanism, and that contains 9 resolved species, 7
quasi-steady-state species, and 82 reactions. Molec-
ular transport of species and energy are based on
constant Schmidt and Prandtl numbers assump-
tions, combined with Chung’s correlations [24] .
ud et al., Heat-release dynamics in a doubly-transcritical 
xial jet flame subjected to fuel inflow acoustic modula- 
0.1016/j.proci.2020.05.051 
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Fig. 1. (a) Three-dimensional view of the Mascotte test rig. (b) Closeup view of the near injector region. The symbols 
detail the boundary conditions in the simulation (WL: Law of the Wall, WNS: Resolved No Slip Wall). 

Table 1 
Injection conditions (mass flow rate, reduced pres- 
sures and temperatures). Momentum flux ratio J = 

(ρCH4 u 2 CH4 ) / (ρO 2 u 2 O 2 ) = 33 . 3 , global equivalence ratio 
φg = 14 . 3 . 

˙ m in j / ̇  m 

O 2 
in j T 

in j 
R P in j 

R 

O 2 1.0 0.55 1.49 
CH 4 3.59 0.62 1.64 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Their subgrid scale counterparts rely on the gradi-
ent transport assumption, with turbulent Schmidt
and Prandtl numbers fixed at 0.7. 

The Mascotte geometry [7] ( Fig. 1 ) is a paral-
lelepipedic chamber with a coaxial injector at its
backplate that comprises a central round injection
of liquid oxygen (diameter D O 

), surrounded by an
annular injection of liquid methane (width W F ).
Those are separated by a tapered lip of thickness
δl at its tip. The boundary conditions for the
simulation are shown in Fig. 1 -(b). One-seventh
power-law velocity profiles and synthetic turbu-
lence [25] are imposed at both fuel and oxidizer
inlets through NSCBC boundary conditions [26] .
Acoustic wave modulation at the fuel inlet is per-
formed with [27] . All wall boundaries are assumed
adiabatic. This may be a strong assumption, as
shown in [22] , where the resolution of a conjugate
heat transfer problem at the injector lip evidenced
a complex and unsteady anchoring mechanism.
However, in the absence of reliable wall tempera-
ture data, adiabatic conditions are still considered
as state of the art in LES of LRE combustion.
Thus, the evaluation of flame-wall interaction
effects on the heat-release forced dynamics is left
for future investigations. 

Injection conditions summarized in Table 1 are
identical to those in [22] , and similar to the condi-
tions T1 in [7] (except the pressure that is 75 bar
instead of 54 bar). Computations are performed
on a 3D unstructured mesh of 40 million tetrahe-
dral cells, generated thanks to an adaptive mesh
refinement algorithm based on physically relevant
Please cite this article as: C. Laurent, G. Staffelbach and F. Nico
LO<ce:inf > 2</ce:inf > /LCH<ce:inf > 4</ce:inf > cryogenic coa
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metrics, that is available in the open-source library 
MMG [28,29] . The mesh resolution in the near in- 
jector region is δl /30 and is progressively coarsened 

downstream. The walls of both O 2 and CH 4 injec- 
tion channels that are located near the injector exit 
are resolved, and no-slip conditions are applied. On 

the contrary, the upstream portion of the injection 

lines are not resolved and are rather modeled with 

a classical Law of the Wall. It is a posteriori ver- 
ified that the wall coordinate y + is comprised be- 
tween 2 and 7 at the lip tip, and between 5 and 10 
in the reactants injection channels. In addition, a 
mesh sensitivity evaluation was conducted (Fig. S1 
in Supplemental Material 1) and showed satisfac- 
tory agreement. 

3. Flame topology and structure 

In order to provide a better understanding of 
the flame response to acoustic perturbations, this 
section first briefly describes the unforced flame 
topology. This simulation was run and averaged 

over 25 ms, which is roughly 10 convective times 
necessary for a particle of fluid in the slow O 2 jet 
to reach the end of the flame. An instantaneous so- 
lution is presented in Fig. 2 -(a), and averaged fields 
of density, axial velocity, and OH radical mass frac- 
tion are shown in Fig. 2 -(b). The reader is also re- 
ported to Supplemental Material 1 (Fig. S1) for ra- 
dial profiles of averaged quantities. 

Remarkable features characteristic of confined 

cryogenic coaxial jet flames are observed. The 
dense O 2 core extends over a considerable length in 

the chamber, before being completely vaporized in 

a region of intense pseudo-boiling comprised be- 
tween x = 1 . 5 D O 

and x = 4 D 0 from the injector 
exit ( C p contour in Fig. 2 -(b)). Contrarily, the an- 
nular CH 4 jet experiences an earlier pseudo-boiling 
between x = 0 . 5 D O 

and x = 2 D O 

, such that down- 
stream of this location the fuel stream is in a light 
gaseous state. The dark core vaporization induces 
a significant dilatation of the oxidizer flow, that in 

turn provides radial momentum to the surrounding 
ud et al., Heat-release dynamics in a doubly-transcritical 
xial jet flame subjected to fuel inflow acoustic modula- 
0.1016/j.proci.2020.05.051 
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Fig. 2. (a) Yellow: instantaneous isosurface of temperature T = 2000 K colored by axial velocity, blue: isosurface of density 
ρ = 0 . 5 ρ0 

O 2 colored by axial velocity, green: isosurface of Q-criterion Q = (u 0 CH4 /W F ) 2 . (b) Averaged fields of density 
(blue), axial velocity (green, only in the lower-half), and OH mass fraction (yellow). Red lines are contours of heat capacity 
C p , the dark line marked by a square is the contour of stoichiometric mixture fraction Z = Z st = 0 . 2 . Lines with arrows 
are the flow streamlines. CRZ: Central Recirculation Zone, LRZ: Lateral Recirculation Zone. (For interpretation of the 
references to color in this figure legend, the reader is referred to the web version of this article.) 
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ame and light methane jet. As a result, this one
ixes with hot combustion products, is pushed out-
ards, and the streamlines deviate from their orig-

nal trajectory to impinge on the chamber wall.
he impact of this fast and light fluid on the solid
oundary generates two large recirculation zones:
he Central Recirculation Zone (CRZ) and the Lat-
ral Recirculation Zone (LRZ). Upstream of this
ivergence, the CH 4 annular jet has a constant
pening angle of 17 ◦, while the flame (Mixture frac-
ion contour in Fig. 2 -(b)) is narrower with a nearly
onstant opening angle of 5 ◦. The flame lies in a re-
ion of low axial velocity, and its thin flame brush
ndicates that it is relatively stable with limited dis-
lacements. Its length is L f = 13 . 3 D O 

, and it ter-
inates abruptly in a region where it encounters the

trong adverse flow of the CRZ. Note that the flame
s anchored at the injector lip, and no triple-flame is
bserved, which is a direct consequence of the use
f adiabatic boundary conditions. 

Fig. 2 -(a) reveals rich dynamics in the physical
rocesses described above. Jet breakup causes de-
achment of pockets of cryogenic O 2 from the dark
ore, which results in intermittent vaporization and
ixing. Isosurfaces of Q-criterion evidence vor-

ex rings that are formed at the methane injector
xit and convected downstream in the annular jet
 

Please cite this article as: C. Laurent, G. Staffelbach and F. Nico
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with a clearly identifiable wavelength, which sug-
gests that they may result from a Kelvin-Helmholtz
instability. These coherent wave-like patterns also
visibly affect the flame surface. Although these un-
steady phenomena may participate in the flame re-
sponse to imposed acoustic perturbations, the thor-
ough study of the interaction between intrinsic and
forced dynamics is out of the scope of this paper
and is left for future work. 

4. Heat-release dynamics forced by acoustic 
modulation 

Distinct simulations are performed to impose
acoustic harmonic perturbations at the fuel inlet,
for 16 forcing frequencies f comprised in the range
O(1 kHz ) − O(20 kHz ) . The targeted modulation
inlet velocity reads: 

u ′ CH4 = Au 0 CH4 sin (2 π f t) (2)

This pulsation is imposed through the method pro-
posed in [27] : the actual fluctuating inflow veloc-
ity may then slightly differ from Eq. (2) in order
to avoid the reflection of acoustic waves at the fuel
inlet. Since the goal is to evaluate the flame lin-
ear response to these modulations, the excitation
ud et al., Heat-release dynamics in a doubly-transcritical 
xial jet flame subjected to fuel inflow acoustic modula- 
0.1016/j.proci.2020.05.051 
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Fig. 3. (a) Maps of the Fourier coefficients for a high-frequency forcing ( f ∗ = 23 . 6 ). Dark lines: contour of ˆ Q -criterion, 
colored by the normalized azimuthal vorticity ˆ ω 

∗
θ = ( ̂  ω θW F ) / (Au 0 CH4 ) . Blue-red: Fourier coefficient of the heat-release rate 

ˆ ω T . (b) Same, for a low-frequency forcing ( f ∗ = 2 . 9 ). (For interpretation of the references to color in this figure legend, 
the reader is referred to the web version of this article.) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

amplitude Au 0 CH4 is low ( A = 0 . 025 ), such that it
is characteristic of the onset of an instability. This
linearity is a posteriori verified by performing ad-
ditional computations at different forcing ampli-
tudes; comparisons are provided in Supplemental
Material 3. Each simulation is run for at least 20
periods to ensure the dissipation of transients and
the convergence of Fourier statistics. Modulations
at the oxidizer inlet were also attempted, but no
noticeable flame response was observed. Since the
bulk flow velocity u 0 O 2 is roughly one order of mag-
nitude lower than u 0 CH4 , such forcing produces very
small absolute value perturbations, which are diffi-
cult to detect using Fourier analysis due to the am-
bient turbulent noise. As a result, it is not guaran-
teed that this apparent absence of flame response
to acoustic excitation at the oxidizer inflow is stem-
ming from a physical phenomenon, or simply the
consequence of signals that are too weak to be
clearly identified. 

Due to the high-frequency of LRE thermoa-
coustic instabilities and the length of coaxial jet
flames, the heat-release region is not assumed
acoustically compact (a usual hypothesis for gas-
turbine combustion): therefore all quantities de-
pend on both the forcing frequency f and the axial
location x . In the following, the normalized quan-
tities f ∗ = f L f /u 0 CH4 and x 

∗ = x/L f are used, and
for any variable v , the Fourier coefficient at the forc-
ing frequency f ∗ is noted ˆ v . 

4.1. Flame transfer function 

The imposed acoustics perturbations produce
remarkably different responses, depending on the
Please cite this article as: C. Laurent, G. Staffelbach and F. Nico
LO<ce:inf > 2</ce:inf > /LCH<ce:inf > 4</ce:inf > cryogenic coa
tion, Proceedings of the Combustion Institute, https://doi.org/1
forcing frequency f ∗. This is evidenced in Fig. 3 , 
where the Fourier transforms of azimuthal vor- 
ticity and heat-release are mapped for a low- 
frequency forcing ( f ∗ = 2 . 9 in Fig. 3 -(b)), and a 
high-frequency one ( f ∗ = 23 . 6 in Fig. 3 -(a)). When 

they exit the fuel injector, acoustic waves gener- 
ate shear, which in turn produces pairs of counter- 
rotating vortex rings that are convected down- 
stream in the annular jet. At high-frequency these 
vortices are generated directly at the injector noz- 
zle and are convected over a length of roughly 0.4 L f 

before dissipating. Conversely, at low-frequency the 
larger vortex rings are engendered more down- 
stream (at approximately x = 0 . 5 L f ) and are trans- 
ported to the end of the flame. When vortices 
travel in the vicinity of the flame, they generate a 
variable strain rate that induces flame fluctuations: 
there exist therefore a strong correlation between 

these dinstictive vortex dynamics and the result- 
ing heat-release oscillations. At f ∗ = 23 . 6 , the heat- 
release response concentrates in a thin layer extend- 
ing from the injector exit to x = 0 . 3 L f in the wake 
of the lip. In contrast, for f ∗ = 2 . 9 , ˆ ω T has a lower 
intensity, but is distributed over a longer and wider 
area mostly lying in the second half of the flame. 
The broader heat-release brush suggests in this case 
important flame displacements. 

To provide a quantitative evaluation of the 
flame forced dynamics, a FTF relating the heat- 
release fluctuations to the acoustic excitation is de- 
fined in the frequency domain: 

(
ˆ Q /Q 0 

)
( ̂  u /u 0 ) 

= 

L f 

Q 0 ( ̂  u /u 0 ) 

∫ 1 

0 
ˆ q (x 

∗) dx 

∗ (3) 
ud et al., Heat-release dynamics in a doubly-transcritical 
xial jet flame subjected to fuel inflow acoustic modula- 
0.1016/j.proci.2020.05.051 
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Fig. 4. (a) Local FTF gain n ( x ∗, f ∗). (b) Cumulative FTF gain N c ( x ∗, f ∗). (c) Local FTF phase ϕ( x ∗, f ∗). The dark lines are 
points directly computed from the 16 forced frequencies. For vizualization purposes the surfaces were obtained by cubic 
spline interpolation along the f ∗ axis. 
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here Q 0 and 

ˆ Q are the averaged and fluctuating
lobal flame power, u 0 and ˆ u are the averaged and
uctuating bulk velocity in the fuel injector near its
utlet, and ˆ q (x 

∗) is the fluctuating heat-release per
nit length. The local FTF gain n ( x 

∗, f ∗) and phase
( x 

∗, f ∗) are defined as: 

L f ̂  q (x 

∗) 
Q 0 ( ̂  u /u 0 ) 

= n (x 

∗, f ∗) e jϕ(x ∗, f ∗ ) (4)

 cumulative FTF gain N c ( x 

∗, f ∗) is also defined: 

 c (x 

∗, f ∗) = 

∣∣∣∣∣ L f 

Q 0 ( ̂  u /u 0 ) 

∫ x ∗

0 
ˆ q (x 

∗) d x 

′ ∗
∣∣∣∣∣ (5)

ote that N c (x 

∗ = 1 , f ∗) corresponds to the global
ain of the entire flame, and that if the flame were
ompact then the local gain n ( x 

∗, f ∗) would be uni-
ormly equal to the global gain. The local FTF is
isplayed in Fig. 4 . Computed data points are avail-
ble in Supplemental Material 2. 

The local FTF gain map ( Fig. 4 -(a)) corrob-
rates observations already made above: at low-
requency forcing the region of strongest heat-
elease response is long and spans over the entire
econd half of the flame. As the excitation fre-
uency increases, this region shortens and shifts
pstream, such that for high-frequency forcing it

s localized at the injector exit. This evolution of 
he preferential response region is a direct conse-
uence of the vortex rings dynamics described ear-

ier. The local FTF phase ( Fig. 4 -(c)) behaves sim-
larly: for low f ∗ it is a linear function of x 

∗ over
he entire flame, which indicates a constant distur-
ance propagation speed u prop along the axial direc-
ion. For higher f ∗, the portion of constant propa-
ation speed shrinks: it only extends from x 

∗ = 0
o x 

∗ = 0 . 3 at f ∗ = 23 . 6 . Downstream of this loca-
ion, the local phase reaches a plateau where it stag-
ates ( i.e. the heat-release presents in-phase bulk
scillations). The shape of this plateau corresponds
Please cite this article as: C. Laurent, G. Staffelbach and F. Nico
LO<ce:inf > 2</ce:inf > /LCH<ce:inf > 4</ce:inf > cryogenic coa
tion, Proceedings of the Combustion Institute, https://doi.org/1
to the upper boundary of the strongest response re-
gion in Fig. 4 -(a). In addition, u prop increases with
frequency: for f ∗ = 1 . 5 , u prop = 0 . 35 u 0 CH4 , while
u prop = 1 . 1 u 0 CH4 for f ∗ = 23 . 5 . In its linear portion,
the phase evolves rapidly with x 

∗, which results in
heat-release fluctuations that are spatially out of 
phase. Conversely, points within the plateau os-
cillate in-phase. This directly affects the cumula-
tive gain ( Fig. 4 -(b)), that shows that the second
half of the flame has always the largest contribu-
tion to the overall heat-release response. Indeed,
even though responses are relatively small in the
plateau, they oscillate synchronously, and therefore
produce a strong overall contribution. On the con-
trary, heat-release fluctuations in the preferential
response region are not synchronized due to a fast
propagation, and thus cancel each other out. Fi-
nally, note that the local gain largely exceeds those
typical of gas-turbine flames, whereas the global
gain has more usual values. 

4.2. Analysis of heat-release dynamics 
contributions 

The distinct physical contributions to the forced
heat-release dynamics are here evaluated through
a comprehensive analysis. The reaction layer is as-
sumed to be the infinitely thin sheet corresponding
to the isosurface Z = Z st . Following [14] , the local
heat-release per unit length writes: 

q (x 

∗, t) = 

[
ρD 

∣∣∣∣∂Z 

∂n 

∣∣∣∣
(∣∣∣∣∂Y O 

∂Z 

∣∣∣∣ + 

∣∣∣∣∂Y F 

∂Z 

∣∣∣∣
)

ξh R 

]
Z= Z st 

(6)

where D is the species diffusivity coefficient, ∂ Z / ∂ n
is the mixture fraction gradient in the direction nor-
mal to the flame sheet, Y 0 and Y F are the oxidizer
and fuel mass fractions, ξ is the local mean flame ra-
dius ( i.e. the flame surface density per unit length),
ud et al., Heat-release dynamics in a doubly-transcritical 
xial jet flame subjected to fuel inflow acoustic modula- 
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Fig. 5. (a)-(d) CTF gains n v along the flame axis, at 4 forcing frequencies. (e)-(h) Same, for the CTF phase shift �ϕv along 
the flame axis. Phase-shift values between −π/ 2 and π /2 indicate positive contributions the the heat-release response, while 
values between π /2 and 3 π /2 are negative contributions. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

and h R is the heat of reaction per unit mass of re-
actants burnt (assumed constant). After splitting
each variable v into its mean ( v 0 ) and fluctuating
( v ′ ) parts, a linearization of Eq. (6) followed by a
Fourier transform yields: 

ˆ q 
q 0 

= 

[ 

ˆ ρ

ρ0 
+ 

ˆ D 

D 0 
+ 

ˆ 
Z 


Z0 
+ 

ˆ �F 

�F 0 
+ 

ˆ ξ

ξ0 

] 

Z= Z st 
(7)

where 
Z = | ∂ Z/∂ n | is related to the mixing
rate in the physical space, and �F = | ∂ Y O 

/∂ Z| +
| ∂ Y F /∂ Z| is linked to the internal flame structure
in the mixture fraction space. 

In Eq. (7) , the local-heat release fluctuations are
decomposed into 5 distinct contributions v . Simi-
larly to Eq. (4) , a Contribution Transfer Function
(CTF) is defined for each one of those: 

L f q 0 ̂  v (x 

∗) 
Q 0 v 0 ( ̂  u /u 0 ) 

= n v (x 

∗, f ∗) e jϕ v (x 
∗, f ∗ ) �ϕ v = ϕ v − ϕ 

(8)

where �ϕv ( x 

∗, f ∗) is the phase shift of the fluctua-
tions of v , with respect to those of the local heat-
release per unit-length q ( x 

∗). The species diffusiv-
ity D is computed as the mass fraction average of 
those of CH 4 and O 2 , and includes both molecular
and turbulent diffusion. Unsteady flame sheets are
extracted from the simulations, and the individual
CTFs are displayed in Fig. 5 . 

The CTF gains ( Fig. 5 (a)–(d)) behave similarly
as those in the FTF of Sec. 4.1 : for high-frequency
forcing, all contributions are the highest near the
injector, while at lower frequencies they prevail in
a wider region located more downstream. Density
Please cite this article as: C. Laurent, G. Staffelbach and F. Nico
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fluctuations are remarkably low, which could seem 

surprising in a flow where dense cryogenic fluids co- 
exist with light burnt gases. It is however consistent 
with [30] , where the structure of transcritical coun- 
terflow diffusion flames was shown to consist of a 
vaporization zone without any reaction occurring, 
followed by a gaseous reactive layer. Consequently, 
density fluctuations in the perturbed cryogenic 
methane jet vanish before reaching the flame sur- 
face, under the effect of the intense pseudo-boiling. 
Internal flame structure variations (represented by 
the term 

ˆ �F ) participate to the heat-release re- 
sponse in a larger extent than density, but are still 
roughly one order of magnitude lower than the 
others. The vortices-induced strain rate is signifi- 
cantly smaller than its extinction limit, and is there- 
fore not sufficient to disturb the flame structure 
from its flamelet regime. Diffusivity fluctuations are 
the overall major contributor: the heat-release re- 
sponse is mostly driven by the faster or slower dif- 
fusion of reactants towards the flame front, which 

affects the local fluxes and results in variations of 
the mass burning rate. These diffusivity fluctuations 
may originate from both turbulent mixing varia- 
tions, caused by the vortices strain-rate, and molec- 
ular diffusion oscillations engendered by pressure 
waves that accompanied these vortex-rings. The 
secondary contributor is frequency dependent: at 
high f ∗ it is the mixture fraction gradient fluctua- 
tions ˆ 
Z in the near injector region, in agreement 
with previous studies in laminar gaseous diffusion 

jet flames [14–16] . At f ∗ = 10 . 3 ( Fig. 5 -(c)) a bal- 
ance is reached between 

ˆ 
Z and the flame sur- 
face area contribution 

ˆ ξ . At low f ∗ the trend in- 
ud et al., Heat-release dynamics in a doubly-transcritical 
xial jet flame subjected to fuel inflow acoustic modula- 
0.1016/j.proci.2020.05.051 
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erts and 

ˆ ξ prevails in the second half of the flame.
he relative participations of ˆ 
Z and 

ˆ ξ can be ex-
lained by the flame topology ( Fig. 2 -(b)). Near
he injector the flame is strongly stabilized by an
mportant shear and is confined between the two
ense cryogenic jets: it is not easily displaced by
he vortex-induced strain-rate, which rather affects
he mixing efficiency through the mixture fraction
radient (see the thin heat-release response layer in
ig. 3 -(a)). Conversely, when vortices are generated
ownstream at lower frequencies, they strain a por-
ion of the flame lying in a light gaseous flow with
ower shear, where the flame is only weakly stabi-
ized and can therefore be easily displaced (see the
roader heat-release response layer in Fig. 3 -(b)).
inally, the examination of CTF phase shifts in
ig. 5 (e)-(h) shows that both diffusivity and mix-

ure fraction gradient oscillate nearly in phase with
he local-heat release, and have therefore a positive
ontribution. On the contrary, flame surface area
ostly fluctuates in phase quadrature ( �ϕ ξ = π/ 2 )

r phase opposition ( �ϕ ξ = π ) with q ′ ( x ), and has
ence an adverse effect that tends to limit the local
esponse strength. The vortex-rings dynamics are
nce again responsible for this behavior: as a vor-
ex travels in the vicinity of the flame it enhances the
ocal burning rate ( q ′ ( x ) > 0) through higher-strain
ate ( 
′ 

Z > 0 ) and faster diffusion ( D 

′ > 0 ), but si-
ultaneously contracts the flame inwards ( ξ ′ < 0). 

. Conclusions 

Several LES have been performed to explore
he forced dynamics of a doubly-transcritical
O 2 /LCH 4 LRE jet flame, subjected to small
mplitude acoustic forcing at the fuel injector.
hese computations were a numerical challenge

hat required 18.5 million CPU hours on a ma-
hine equipped with Intel Xeon 8168 processors
2.7 GHz). The heat-release response appeared to
e directly controlled by the dynamics of vortex-
ings pairs traveling in the fuel annular jet. The
omputation of a non-compact FTF over the
ange O(1 kHz ) − O(20 kHz ) revealed frequency-
ependent preferential flame response regions,
trongly correlated to the area of vortex genera-
ion and convection: the higher the excitation fre-
uency, the closer to the injector both regions are

ocalized. Additionally, the FTF data is available,
nd expected to be embedded in acoustic solvers
or the prediction of thermoacoustic instabilities in

ulti-injectors LREs. In addition, a comprehensive
nalysis of the heat-release dynamics evidenced 3
ajor contributions to the flame response: the vari-

tions of species diffusivity that globally dominate,
hose of mixture fraction gradient that are signifi-
ant at high-frequency, and the flame surface area
uctuations that become stronger at low-frequency.
his analysis has the potential to guide future de-
elopment of theoretical models for LRE flame
Please cite this article as: C. Laurent, G. Staffelbach and F. Nico
LO<ce:inf>2</ce:inf>/LCH<ce:inf>4</ce:inf> cryogenic coaxi
Proceedings of the Combustion Institute, https://doi.org/10.101
response, which are expected to account for the 3
major contributions identified. 

Note that LES was here employed as a purely ex-
ploratory tool to investigate physical mechanisms
difficultly reproducible experimentally. Thus, re-
sults presented in this work were not validated
against experimental data. This advocates the need
to design novel advanced test rigs to enable the
thorough study of cryogenic flame dynamics in ex-
treme conditions characteristic of LREs. 
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